A quantitative visual study of a correctly-expanded supersonic jet of a Mach number of 1.6 by the rainbow schlieren deflectometry has been conducted to reveal the jet flow field quantitatively. Rainbow schlieren images of the jet have been taken by a schlieren system with a rainbow filter which has a continuous hue distribution. The density contour plot of the jet flow is determined by using the image analysis based on the Abel inversion of experimental data of transverse displacement at the cut-off plane. Also, Pitot probe measurements at a jet cross-section have been carried out to obtain density profiles. The radial distribution of the density from the schlieren quantitatively agrees well with that from the Pitot probe. 
I. Introduction
N the experimental study of compressible flows, it has been widely recognized that the optical flow visualization is one of the most useful techniques. In particular, the schlieren technique has been extensively used as a method to visualize various features of supersonic and transonic flows optically because of its simple optical arrangement with a high degree of resolution and ability to easily observe such structures as shock waves and Prandtl-Meyer expansion fans in compressible flows [1] [2] . Also, this method for flow visualization does not require the introduction of additives into the flow field and is capable of providing useful qualitative information on the variations in fluid density, temperature, and static pressure. Although the monochrome schlieren technique with a knife-edge in the filter plane or the cut-off plane is commonly employed because of a simple optical configuration, it almost uses a qualitative method only. On the contrary, there are several advantages of adding color to the schlieren image. In a simple color schlieren system, the knife edge in the cut-off plane is replaced by a tricolor filter with a background color center and two colors separated by the central band. The direction of the filter can usually be adjusted so that the density gradients in different directions can be examined. Sometimes, shock waves and Prandtl-Meyer expansion fans in a supersonic flow are visualized as red and blue color images in a color schlieren system with a tricolor filter. However, it is impossible to discriminate the degree of the compression or the expansion from the schlieren image.
A rainbow filter with continuous color spectrum was first introduced by Howes [3] who fabricated it by projecting the spectral output of a white arc lamp onto a color slide film and then, by photographically reducing the printed area on the slide to the desired filter size. In a rainbow schlieren system, a color filter is only replaced by a rainbow filter. Greenberg et al. [4] developed a quantitative rainbow schlieren deflectometry (RSD) technique utilizing computer-based imaging approach where the hue, saturation, and intensity of color were used in quantitative analyses of schlieren images. Al-Ammar et al. [5] measured oxygen concentrations in a laminar, isothermal helium jet issuing from a cylindrical tube using a rainbow schlieren technique. The concentration distributions inferred to analyze the color schlieren image were compared to experimental data from a continuous sampling probe. Excellent quantitative agreement was reached between measurements from rainbow schlieren and data from the probe. Recently, Kolhe et al. applied a rainbow schlieren technique for a supersonic microjet discharged from an orifice [6] .The shock-cell structure in an underexpanded jet was optically observed with continuous hue distributions to infer the density field. Isentropic relations were assumed for regions across the weak shock wave to obtain pressure, temperature, and Mach number profiles along the jet centerline.
While there has been a renewal of interest in an application to a supersonic jet of a rainbow schlieren deflectometry technique, very few attempts have been made at the matter in detail. Although we are interested in quantitative visual studies of the supersonic flow with shock waves and Prandtl-Meyer expansion fans, as a first step, this paper is intended as quantitative analyses of a correctly expanded supersonic jet issuing from an axisymmetric nozzle.
II. Principles of Rainbow Schlieren Deflectometry
Light rays passing through the refractive index field are bent by refraction and have an angle of inclination with respect to their original path. Figure 1 shows a parallel incident light ray interacting with an axisymmetric flow where the flow direction is from the negative to the positive z axis in an x,y,z -rectangular Cartesian coordinate system. For light rays passing through an axisymmetric refractive flow field, the refractive index n in a flow field depends only on the distance r from the origin O (x = y =0) as shown in Fig.1 . An arbitrary location on the light ray in the field is expressed as T = T(r,θ) with the polar coordinate system. Using the theory of the light-ray traces through a medium with axial symmetry, the following relation can be derived [7] sin const.
where ϕ is the angle between the position vector OT and the tangent at the point T on the ray. After some 
The ray deflection angle is transformed by the decollimating lens to transverse displacement at the cut-off plane given by ( ) ( )
where f d is the focal length of the decollimating lens. The ray displacement can be found from the calibration curve between hue and transverse displacement at the filter plane as stated in the next section. Once the angular ray deflections are calculated from Eq.(4), the refractive index field is found by inverting Eq.(3) using the Abel inversion. 
where n a is the refractive index of surrounding air.
The refractive index n(r) is a function of density ρ and Gladstone-Dale constant K. The relation between n(r) and ρ is approximately linear and is usually written as:
As the K hardly depends on the wavelength of light, the same constant is used for all wavelengths. Figure 2 shows a schematic drawing of a blowdown type supersonic wind tunnel with simple optical configurations for the schlieren system. The rectangular Cartesian coordinate system with the x, y, and z is also shown in Fig.2 .
III. Experimental Apparatus
The high-pressure dry air supplied by a compressor to an air storage tank is discharged into the atmosphere through a solenoid valve, a plenum chamber, and an axisymmetric supersonic nozzle. The air storage tank provides a total capacity of an approximate 2 m 3 and is capable of supplying air at a maximum storage pressure of 1 MPa. The solenoid valve is used to regulate the pressure in the plenum chamber, which can be held constant automatically to within ±0.5 kPa as the plenum pressure varies. The temperature in the plenum chamber is measured by using a thermocouple, and it maintains constant at room temperature (approximately 297 K ± 0.1K) during tests. The stagnation pressure is measured by a semi-conductor pressure transducer flush mounted on the top wall of the plenum chamber.
The axisymmetric supersonic nozzle used in the present experiment has the nozzle contour designed by the method of characteristic [8] to be uniform flow at the nozzle exit. The nozzle has inner diameters of 10 mm at the throat and of 11.16 mm at the exit so that the design Mach number calculated by the one-dimensional inviscid theory becomes 1.60. When operating the nozzle under the correctly expanded condition, the operating pressure ratio defined as the ratio of the plenum pressure to the back pressure is 4.25.
The rainbow schlieren system shown in Fig.2 consists of railmounted optical components including a 50 micron diameter source aperture, two 100 mm diameter, 500 mm focal length achromatic lenses, a computer generated 35 mm wide slide with color gradations in a 1.4 mm wide strip, and a digital camera with variable focal length lens. A continuous 250 W metal halide light source connected to a 50 micron diameter fiber optic cable provides the light input at the source aperture through a 16.56 mm focal length objective lens. The camera output in the RGB format is digitized by a personal computer with 24 bit color frame grabber.
As shown as the dashed line in Fig.2(b) , a light ray from the collimating lens is deflected while passing through the supersonic jet with refractive index gradients. The second lens decollimates the deflected ray to form a displaced image of the source at the cut-off plane. The camera lens is then used to image the jet flow onto the recorded medium of the digital camera.
The jet flow field was measured by a conventional Pitot pressure probe as shown in Fig.3 . The tip of the probe has an outer diameter of 0.81 mm, an inner diameter of 0.51 mm, and a tip length of 20 mm. The probe was mounted on a two-dimensional traversing device to scan the flow field. Probe measurements were taken at intervals of 1 mm on the jet cross-section at an axial distance z = 20 mm from the nozzle exit.
IV. Results and Discussion

A. Rainbow filter
The rainbow filter used in the present experiments is shown in Fig.4 
B. Flow visualization
A comparison of conventional color schlieren and rainbow schlieren for an axisymmetric correctly expanded supersonic jet is shown in Fig.6 with the flow from left to right. Each picture was taken by the filter oriented horizontally with respect to the z axis. The ratio p 0 /p b of the plenum pressure p 0 to back pressure p b (p b is the same as the atmospheric pressure) was held constant at 4.25 which shows a shock-free condition.
In Fig.6(a) , a tricolor filter with red and blue colors separated by a green central band that gives the background image is placed in the cut-off plane. The rainbow filter shown in Fig.4 was used to visualize a correctly-expanded supersonic has a high resolution of 55 pixels/mm. For both pictures in Fig.6 , a uniform color or background hue is observed far away vertically from the jet centerline since there is no flow disturbance there. This same hue is also seen at around the jet centerline (y = 0 mm) where the transverse component of the density gradient and hence, the transverse light ray displacement is zero. However, light refraction is strongest at the jet boundary where the lateral density gradients are strongest. Therefore, blue and red colors can be visible at the boundary in Fig.6(a) . On the contrary, Fig.6(b) shows that the color continuous gradation in the direction vertical to the z axis is clearly observed when compared with the conventional schlieren photograph. Each hue can be associated with a specific refraction displacement at the position of the rainbow filter. Density and light ray deflection angle distributions in a jet cross-section can be obtained from the analysis of the measurements of the hue variations.
Both the pictures show that as the light rays near the jet boundary traverse the jet flow, they curve toward the more dense flow region near the centerline. Therefore, the light rays passing through the upper and lower parts than the jet centerline are deflected downward and upward, respectively.
The schlieren picture of Fig.6 (b) was used to obtain hues at an axial location of z = 20 mm from the nozzle exit and the hue distribution obtained is shown in Fig.7 . The distribution is shown for vertical locations of up to ±10 mm which is completely beyond the jet boundary. The hue varies from around 110 to 250 deg. Light rays are always bent toward the region of higher refractive index. From Eq.(5), for gases, this also means toward the region of higher density.
C. Flow properties in correctly-expanded supersonic jet
The variation of the deflection angle of the light rays passing through the jet flow is shown in Fig.8 . The variation of the deflection angle is not similar to the hue distribution in Fig.7 in the shape but symmetric with respect to the horizontal axis (y = 0). Because the light ray near the jet boundary entering upper (y >0) and lower (y<0) parts toward the jet flow is deflected downward and upward when it passes through the jet with higher densities at the center region, respectively.
A comparison of the measurements from Pitot probe and rainbow schlieren for the density profile on an axial plane z =20 mm is shown in Fig.9 . To compute density from the Pitot pressure measurements, the stagnation temperature was taken as constant through the jet flow field base on the assumption of the adiabatic flow.
The jet density inferred from Pitot probe measurements is high at the central core region with around 1.8 kg/m 3 and continues to fall to the ambient value of around 1.2 kg/m 3 . Figure 9 shows that the densities inferred from rainbow schlieren and from Pitot probe approximately coincide with each other for all regions except for the jet centerline. The density contour plot of an axisymmetric correctly expanded supersonic jet is shown in Fig.10 with flow from left to right. The contours were determined from the Abel inversion of the hue data of the rainbow schlieren picture of the jet and show the densities on the cross-section including the jet centerline (x = 0 mm). It is impossible to obtain such a picture by conventional schlieren system. The contour plot in Fig.10 gives a good quantitative indication of the variation of the correctly expanded supersonic flow issuing from the axisymmetric nozzle. The regions showing red and blue colors indicate the high density and background, respectively. The vortices can be visible on the jet boundary at z = around 45 mm and 55 mm .
V. Conclusion
The rainbow schlieren deflectometry technique was used to obtain the density profile at a cross-section including the jet centerline in an axisymmetric correctly-expanded supersonic jet. The density profile at the cross-section of the jet was inferred from a Pitot pressure survey and compared to the result from the rainbow schlieren. It was shown that an excellent quantitative agreement between rainbow schlieren and Pitot probe measurements is achieved for all regions except for the jet centerline. This technique can also be extended for measurements in axisymmetric supersonic flows with shock waves and Prandtl-Meyer expansion fans.
